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Notation
C,R The complex / real numbers
Ccm™ R™ m-dimensional complex / real column vectors
cmxn Complex m x n matrices
T oH Transpose and Hermitian (conjugate) transpose of x
Q Complex conjugate of scalar «
e; The j-th standard basis vector (1 in entry j, 0 elsewhere)
I, The n x n identity matrix
C(A),N(A),R(A) Column space, null space, and row space of A
rank(A) The rank of A
A(A) The spectrum (set of eigenvalues) of A
p(A) Spectral radius of A
K(A) Condition number of A
oi(A), Xi(A) Singular values, eigenvalues of A
Emach Machine epsilon (unit roundoff)
[[] or fl(+) Result computed in floating-point arithmetic

Part I — Orthogonality

1 Norms

1.1 Inner Product and Conjugates

For z,y € C™ with = (x0,.- -, Xm-1)" and y = (Yo, ..., Vm_1)":

« Conjugate of vector: 7 = (Xo,...,Xm_1)"

H T

e Hermitian transpose: z' ==z

o Dot product (inner product):

1.2 Vector Norms

Definition: Vector Norm
A function ||| : C™ — R is a vector norm if for all z,y € C"™ and o € C:
1. Positive definite: = # 0 = ||z| > 0
2. Homogeneous: |az| = |af ||zl
3. Triangle inequality: ||z + y|| < ||z|| + ||y]|
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Key Formula

Common vector norms (for z € C™):
|zl = VaHe = /X7 [l (Euclidean / 2-norm)
lzll, = 7%t Il (1-norm / taxicab)
_ 1/p
lll, = (275" bal?) (p-norm, 1 < p < co)
el = pmax (co-norm)
el = lim el
Theorem: Equivalence of Vector Norms
For any vector norms |||, [|-]| : C™ — R there exist positive constants o, T with
o |lzfl < llzll <7 [l VaeC™
Concrete bounds (with z € C™):
lzlly < llzlly < vmllelly, el <zl < vmllzl, 2l < el <m izl

1.3 Matrix Norms

Definition: Matrix Norm

A function ||-|| : C™*™ — R is a matrix norm if it is positive definite, homogeneous, and
satisfies the triangle inequality on C™*™.

Key Formula

Frobenius norm:

Al = /S lais? = /S lasl2 = \/or(AHA) = /5, 07

Induced (p-)norm:

| Az]],
|A]l, = max = max [Az],.
w20 |z,  lell,=1
Special induced norms:
lAll; = S llasll = HAHH (max absolute column sum)
1Al = Juax llas]|, = HAHH (max absolute row sum)
IAll, = UO(A) = HAHH2 (largest singular value)

Useful bounds: ||A||, < [|Al|z < 7 ||All, where © = rank(A4). Also || 4]y < /|14l |4l -
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Subordinate & Submultiplicative Norms

Definition: Subordinate Matrix Norm

A matrix norm ||-|| is subordinate to vector norms |||, , [|-||,, if

Azl < Al l=l, Ve

Induced norms are automatically subordinate.

Definition: Submultiplicative

A consistent norm is submultiplicative if ||[AB]|| < ||A]|||B||. The Frobenius norm and all

induced norms are submultiplicative.

1.4 Condition Number of a Matrix

Definition: Condition Number

For nonsingular A with subordinate matrix norm,

w(4) = [l |47

The 2-norm condition number satisfies

Key Formula

Sensitivity of Az = b: If A(z + dz) = b+ db, then

6]
el =" ol

Loss of approximately log;, x(A) decimal digits of accuracy.

Practical 2-norm computation (avoiding overflow): With p = ||z,

lally = o/ S0t (il /1)

2 The Singular Value Decomposition (SVD)

2.1 Orthogonality and Unitary Matrices

Definition: Orthogonal Vectors

Vectors =,y € C™ are orthogonal iff 2y = 0. They are orthonormal if additionally
Izl = llylly = 1.

For a,b € C™ with a # 0:
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. L L) aa’l
» Component of b in the direction of a: b= —F—a = ——0.
aa aa
L . aa™
o Projection matrix onto Span(a): P, = —5—
ala
— aa'
 Projection onto the orthogonal complement: [ — ——.
aa

Component of b orthogonal to a: b =b — b.

Definition: Orthonormal / Unitary Matrix

Q € C™*" (n < m) is orthonormal if Q7 Q = I,,. If additionally m = n, Q is called unitary

(or orthogonal when real-valued).

Properties of unitary U € C™*"™:

vy =vu =1, U =U", |Ul,=1, m(U)=1

For all z € C™ and A € C™*™, unitary U, V:

|Uz|ly = |||, (length preserved)
o av], =4, 0" av], =1l

Examples of unitary matrices:
. c -8 . .
e 2D rotation: (s . ) with ¢ = cosf, s = sin 6.

o Reflection (Householder): H = I — 2uu? where |jull, = 1.

e Permutation matrices.

Change of orthonormal basis. If U = [ug| -+ | um—1] is unitary, then

2.2 The SVD Theorem

Theorem: Singular Value Decomposition

For every A € C™*" there exist unitary U € C™*™ unitary V € C"*", and a diagonal

¥ € R™*"™ such that

A=UxVH
Y7 0

where ¥ = < 0 O) and X7, = diag(oy,...,0,—1) with

o9p>01>->0p-1 >0, r=rank(A).
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The values o; are the singular values; the columns of U and V are the left and right
singular vectors.

Reduced SVD. If we partition U = [Ur, |Ug], V = [V | Vg] with Uy, € C"™*" V;, € C™*", then

r—1
A=U LZ‘TLVLH = Z aiuwiH (outer-product expansion).
i=0
Key Formula
SVD identities. For A = UXV:
. HAH% =0y (largest singular value)
_ 2

o [|AllE =203
o rank(A) = r = number of nonzero singular values

. C(4)=C(UL), N(A)=C(Vr)

e« R(A)=C(V1), N(AT)=C(Ug) (left null space)

o Avj =oju; for 0 < j <n (when n <m)

o If A is square nonsingular: A~! = VETIUH | ky(A) = 09/0m_1

o Left pseudo-inverse (columns linearly independent): AT = (A7 A)~1AH = VZ}}JU i

Geometric interpretation. v is the direction of maximal magnification; v,_1 is the direction
of minimal magnification. The unit sphere maps to an ellipsoid with semi-axes o;u;.

2.3 Best Low-Rank Approximation

Theorem: Eckart-Young / Best Rank-k Approximation

Let A = ULV be the SVD of A € C™*™. For 0 < k < min(m,n), partition U = [UL|Ug],
V = [Vi|Vg] with U, € C™** Vv, € C**¥, and let 71, be the leading k x k block of ¥. Then

k—1
B = ULETLVL = O;U;v;
=0

is the closest matrix of rank < k to A in the 2-norm:

or k< min(m,n)

0  otherwise

A—B|,= mi A—C|., =
| Il rani?lcr%gk” Cll, {

This underlies low-rank image compression and Principal Component Analysis (PCA).

3 The QR Decomposition

3.1 Gram—Schmidt Orthogonalization

Given linearly independent {ag,...,ap—1} in C™, Gram—Schmidt produces an orthonormal set
{q07 cee ,anl} with Span(a07 EERR) ak‘) = Span(QO? sy Qk)



Advanced Linear Algebra: Foundations to Frontiers Key Concepts € Formulas

Algorithm: Classical Gram—Schmidt (CGS)

For k=0,1,...,n—1:

H ..
To:k—1,k = Quik—10k (projections)
aﬁ = ar — Qo:k—1T0:k—1,k (remove projections at once)
_ J_H
= |la
Pkk H k],
1
qr = ag /pkk

Algorithm: Modified Gram—Schmidt (MGS)

For k=0,1,...,n—1:

e Fori=0,....,k—1: pi :qZHak; ag = ax — Piki-
* Pkk = HakHza Qk = ak/Pkk-

MGS is numerically more accurate than CGS.

Theorem: QR Decomposition

Let A € C™*™ have linearly independent columns. Then there exists an orthonormal matrix
Q@ € C™*™ and an upper triangular matrix R € C™*" such that

If the diagonal of R is taken to be real and positive, the decomposition is unique.

Cost of Gram-Schmidt: approximately 2mn? flops.

3.2 Householder QR Factorization

Definition: Householder Reflector
Let u € C" with ||u||, = 1. Then

H=1—2uu™

is a Householder transformation (reflector). It is unitary, Hermitian, and involutory (H? =
I,so H' = H).

Computing u, 7 so that I — uu!? /7 reflects = to +||z|, ep:

v=2aF|z|ye0 (choose sign of xo to avoid cancellation: v = = + sign(x1) ||z||5 €o)

u=uv/|v|y, 7 = (14 ufus)/2 (with normalized u; = 1).

Algorithm: Householder QR (sketch)

At Argr

Repeatedly partition A —
P yp (ABL ABR

) and, for each iteration:

asny 0

1. Compute Householder vector uo; so that H <0‘11> _ <p11>'
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T

2. Apply H to (jm) via a rank-1 update:
22

T
Ao — as1wiy

T T H afs ajy — wiy
wiy = (a1 + ag1 A22)/T1; Agy | = :

Cost: approximately 2mn? — %n?’ flops.

Forming Q) explicitly costs approximately 2mn? — %n?’ flops. Applying QF to a vector costs
approximately 4mn — n? flops. The columns of Q produced by Householder are more accurately
orthonormal than those from Gram—Schmidt.

4 Linear Least Squares (LLS)

Problem. Given A € C™*" and b € C™, find Z € C" minimizing

b— AZ||, = min ||b — Az|,.
[ Zll; = min | [P

4.1 The Four Fundamental Subspaces

o Column space: C(A) = {Az:z € C"}, dim =r.

o Null space: N(A) ={x: Az =0}, dim =n —r.

« Row space: R(A) = C(AT) = {y: yT = 2T A}, dim = r.
o Left null space: N (Af) = {z: 27 A =0}, dim =m —r.

Any z € C™ can be uniquely decomposed as x = z, + x, with 2, € R(A), z, € N(A), and
Ax = Az,. The row space is orthogonal to the null space; the column space is orthogonal to the
left null space.

4.2 Method of Normal Equations
The orthogonal projection b = AZ of b onto C(A) satisfies AH (b — AZ) = 0:

Key Formula

Normal Equations:

| Al Az = Ay, |

When A has linearly independent columns (rank(A) = n):

T=(A"A)"1aHp = ATp, AT .= (AHA)714H,

Solving normal equations via Cholesky: B = A A is Hermitian positive definite (HPD), so
B = LLY then solve Lz = AHb and LHZ = 2.
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Condition number of LLS. If A has linearly independent columns,
ra(4) = | Al AT, = o0/on-1.

The sensitivity to changes in b is:

67, _ 1 ot
o1,

where cosf = HEHQ /1Bl

Warning: Using normal equations squares the condition number, since ka(AH A) = ka(A)2.
For ill-conditioned problems, prefer QR or SVD-based solvers.

4.3 Solution via the SVD

IfTA=U LZTLV,{I is the reduced SVD with rank(A) = r, then the general LLS solution is
T =VS URb+ Vgzy, 2 € C"7 arbitrary.

The minimum-norm solution corresponds to z, = 0. The (Moore—Penrose) pseudoinverse is

At =vp 22l U,

4.4 Solution via QR Factorization

If A= QR with A having linearly independent columns, then ¥ solves
Rz = Q" (triangular solve).

For Householder QR factorization of A € C™*"™:

o Factorization cost: ~ 2mn? — %ng.

« Compute yr = Q7b: ~ 4mn — 2n2.

« Triangular solve RZ = yp: =~ n?.

Part II — Solving Linear Systems

5 LU and Cholesky Factorizations

5.1 LU Factorization

Definition: LU Factorization
Given A € C™*" with m > n, an LU factorization is A = LU where L € C™*" is unit lower
trapezoidal (1s on diagonal) and U € C™*™ is upper triangular with no zeros on its diagonal.
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Definition: Principal Leading Submatrix
For k < n, the k x k principal leading submatrix of A is the upper-left £ x k block.

Theorem: Existence of LU Factorization
A square matrix A with linearly independent columns has a (unique) LU factorization if and
only if all its principal leading submatrices are nonsingular.

Algorithm: Right-looking LU (FLAME notation)

At Arr

7 7
ajp ©G11 G2
Apr ABr

Aoo  aor Aoz
%
Ago a1 Aa

Repeatedly partition A — (

o o T
asy = a1 /a1, Ago = Agp — ag1aqs.

2

2_1,.3 : 3 _
— gn° flops (i.e. $n° when m = n).

Cost: =~ mn

Solving Ax = b via LU:
A=LU = Lz=> (forward subs.), Uz = z (back subs.).

Each triangular solve costs ~ n? flops.

5.2 LU with Pivoting

Definition: Permutation Matrix
Given p = (mg,...,mh—1) a permutation of {0,...,n — 1}, the permutation matrix is P(p) =
(exo| -+ |€m,_,)T. Then P71 = PT.

Partial pivoting (row exchanges): at step k, choose pivot m; = argmax; |, | and swap rows.

Gives factorization
PA=LU.

Complete pivoting: choose pivot from both rows and columns; yields PAP, = LU but is rarely
worth the extra cost.

Solving via LU with pivoting: Compute PA = LU, then y = Pb, solve Lz = y, then Ux = z.

Gauss transforms.

In 0 0 I 0 0
Li=10 1 0], L'=10 1 0
0 l21 I 0 _121 I

Iterative refinement. If T approximates Ax = b, compute residual r = b — AZ, solve Adx = r,
update T := T + dz to improve accuracy.

10
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5.3 Cholesky Factorization

Definition: Hermitian Positive Definite (HPD)

A € €™ is HPD iff A" = A and 2% Az > 0 for all nonzero x € C*. (When real, it is
symmetric positive definite or SPD.)

HPD facts.

e B has linearly independent columns <= BYB is HPD.

Diagonal entries of an HPD matrix are real and positive.

If A is HPD with diagonal blocks A7y, Apgr, both blocks are HPD.

A symmetric matrix is SPD <= all eigenvalues are positive.

Theorem: Cholesky Factorization

For every HPD matrix A there exists a lower triangular L with positive diagonal such that

The factor L is unique.

Algorithm: Right-looking Cholesky
Partition A as above and iterate:

L . e H
ajp i=+/ai1, a1 :=agi /o, A= A — azay.

Cost: ~ 1n? flops (half of LU).

LLS via Cholesky: B = A" A (cost ~ mn?); factor B = LLY (cost ~ n3/3); solve two triangular
systems (cost ~ 2n?). Total ~mn? +n3/3.

6 Numerical Stability

6.1 Floating Point Arithmetic

A floating point number system F' consists of values x = u° where:

o =2 (base), u = +£0.0001 - - - 0;—1 (¢t binary digits), normalized so dy = 0 iff x = 0.
o Exponent range —L <e < U.

e Overflow / underflow: numbers outside the range become NaN or 0.

Definition: Machine Epsilon

The machine epsilon (unit roundoff) ey,cpn is the smallest positive floating-point number y
with fi(1 + x) > 1.

Single precision: emach ~ 1078; double precision: €pacn ~ 10716,

11
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For any x € R stored as floating-point x via rounding;:
|6X| < 5mach|X|, X:X(1+5)7|5| < €mach-

Computation Models

Key Formula
Standard Computational Model (SCM): For y,% € F and op € {+, —, %, /}:

fi(x op ¥) = (x op ¥)(1 +¢),  le] < emach-
Alternative Computational Model (ACM):

X op ¢
fi(x op ¥) = EEPE le| € emach-

6.2 Stability of an Algorithm

Definition: Backward Stable

A computer implementation f of f: D — R is backward stable if for all z € D there exists
¥ near z with f(z) = f(&).

Conditioning vs. Stability.

o (Conditioning is a property of the problem: how sensitive the output is to input perturbation.
Measured by «.

o Stability is a property of the algorithm: whether the computed result equals the exact result
for a slightly perturbed input.

A stable algorithm on a well-conditioned problem gives an accurate answer. A stable algorithm on
an ill-conditioned problem can give a poor answer.

Useful Bound: the ~ Factor

Definition: 7,
For all n > 1 with nepacn < 1:

NE€mach

Y 1=
1- NE€mach

Theorem: Lemma

If |e;| < emacn for i =0,...,n — 1, then [[;(1 + )% = 1 + 6, with |0,] < Yn.

6.3 Backward Error of Basic Operations

Dot product computed left-to-right & = fl(z”y) satisfies

k= (z+ 6x)Ty with |0z| < v, || .

12
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Matrix-vector multiply y:= Ax gives §y = (A + AA)z with |[AA] <, |A|.
Matrix-matrix multiply C := AB (A € R™**): ' = AB + AC with |AC| < ;. |A]| |B|.

6.4 Linear Solve Backward Error

Theorem: LU + Triangular Solves

Let A € R™"™ and T be computed via LU + triangular solves. Then

(A+A8)F=y,  |AA<@Ew+42) |E]|T].

Theorem: Effect on the Solution
For nonsingular A with (A + AA)(z + dx) = y:

19zl _ _ w(A4) |AA[/ A
Izl — 1= x(A) |AA] /]Il

Important caution. LU with partial pivoting can have element growth; the worst-case matrix
is

1 0 0 -~ 0 1
-1 1 0 - 0 1
-1 -1 1 - 0 1

A: 9
—1 -1 - 1 1
—1 -1 - -1 1

which exhibits exponential growth, but is extremely rare in practice. LU with partial pivoting is
practically stable.

7 Solving Sparse Linear Systems

A sparse matrix has enough zero entries that exploiting them pays off (Wilkinson).

7.1 Banded Matrices

Definition: Bandwidth / Half-Bandwidth

A symmetric matrix has half-bandwidth b if o;; = 0 for |[¢ — j| > b. Diagonal: b = 0.
Tridiagonal: b = 1.

For SPD matrix of bandwidth b, the Cholesky factor L has the same bandwidth, and the factoriza-
tion takes ~ nb? flops.

Cholesky of a tridiagonal SPD matrix (linear in n):

._ ._ . 2
Qi = Oy Q1 = Qg Qs Qg1 2= QL] — Qg e

13
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7.2 Nested Dissection

For matrices arising from discretized PDEs (e.g., Poisson on a 2D mesh), reordering rows/columns
by recursively identifying separators reduces fill-in during factorization. The smaller the separator
(graph cut), the less fill-in.

7.3 Iterative (Splitting) Methods
Write A = M — N and iterate

Mz*+) = Nz® 4 p a5 = MY (Nz®) b)),

The iteration converges to the solution of Az = b iff p(M~1N) < 1 (equivalently |[M I N|| < 1
in some norm).

Writing A = D — L — U (diagonal, strictly lower, strictly upper), common splittings are:
e Jacobi: M =D, N=L+U.

x§k+1) _ 1 (51, -3 ay x;m)

i i

Gauss—Seidel: M =D — L, N = U (uses already-updated values).
SOR: M =1D— L, N =12D 4 U, with relaxation parameter w € (0, 2).

SSOR: Symmetric variant alternating forward and backward sweeps.

8 Descent Methods and the Conjugate Gradient Method

Setting. A is SPD. Solving Az = b is equivalent to minimizing

flz) = 327 Az — 2Tb, Vf(z)=Ax —b.

8.1 Descent Algorithm Framework
Given 2, r©® =p — 42O For k=0,1,...:

1. Choose search direction p*).

[\

. Compute step length: o, = 7 fwirs -

. Update: zFt1) = 2(®) 4 g pk).

W

. Update residual: 1) = p(k) — o Ap(F),

14
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8.2 Steepest Descent

Take p¥) = rB) = _Vf(zk), Convergence is slow when r2(A) is large. A preconditioner
M = A (cheap to invert) transforms to A = L} ALy, with hopefully x(A4) < x(A).

8.3 Conjugate Gradient Method

Definition: A-conjugate directions

For SPD A, vectors pl®, ..., p*~Y € R™ are A-conjugate if

(pUNTAP®D =0 for i+ 3.

If A-conjugate directions are used as descent directions starting from z(®) = 0, the method finds
the exact solution in at most n steps (in exact arithmetic).

Algorithm: Practical CG (with (¥

r:=b p:=nr k:=0

while r # 0 :
q:=Ap
a:=(r"r)/(p"q)
T =+ ap
Tnew ‘=T — Qq
Y= (TxilpewrneW)/(rTT)
D = Tnew + VD
T = Tew
k=k+1

Stop when ||7]|; < emach ||b]|; or max iterations exceeded.

Theorem: Properties of CG

With P¢=1) = [pO)] ... |pk=1)];

. (P (k_l))TT(k) = 0 (residual orthogonal to all prior search directions).

« Span(p®,...,p*~V) = Span(r©®, ... +*=D) — Span(b, Ab, ..., AF¥~1b).
+ Successive residuals 7*) are mutually orthogonal.

e For k Z 1: p(k) = r(k) — fykp(kfl)

Definition: Krylov Subspace

Ki(A, b) = Span(b, Ab, A%, ..., AF=1p).

15
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Part III — The Algebraic Eigenvalue Problem

9 Eigenvalues and Eigenvectors

9.1 Basic Definitions

Definition: Eigenvalue, Eigenvector, Eigenpair

For A € C™*™_ X € C and nonzero x € C™ are an eigenpair of A if

Az = \x.

Definition: Spectrum, Spectral Radius

A(A) = {X € C: X is an eigenvalue of A}.
Spectral radius: p(A) = maxyep(ay Al

For A € C™*™  the following are equivalent:

A e A(A);

Al — A is singular;
det(AI — A) = 0;
N(AI — A) is nontrivial.

9.2 Characteristic Polynomial

Definition: Characteristic Polynomial

pa(A) = det(A — A) is a polynomial of degree m whose roots are exactly the eigenvalues of A
(counting algebraic multiplicity).

Theorem: Gershgorin Disk Theorem

For A € C™*™ define

pi(A) =D laijl,  Ri(A)={2€C:|z—aul < p:i(A)}.
JF

Then A(A) C U; Ri(A). If a union of k disks is disjoint from the others, it contains exactly k
eigenvalues (counting multiplicity).

Useful facts.
o 0€ A(A) iff A is singular.
e Hermitian matrices: all eigenvalues are real.

o HPD matrices: all eigenvalues are positive (and conversely).

16
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o Eigenvectors of distinct eigenvalues are linearly independent; for Hermitian A, they are orthog-

onal.
o (\,7) eigenpair of A < (1/),z) eigenpair of A~! (when A nonsingular).

o (A —p,x) is an eigenpair of A — pI.

9.3 Similarity, Schur, and Spectral Decompositions

Definition: Similarity Transformation

Given nonsingular Y, the transformation Y "'AY is a similarity transformation. Two
matrices A, B are similar if B =Y ' AY for some nonsingular Y.

Similarity preserves eigenvalues: A(A) = A(YLAY). If Ax = Az then B(Y ~!z) = A\(Y !x).

Definition: Unitary Similarity

If Q is unitary, Q7 AQ is a unitary similarity transformation. These are preferred in
algorithms because they preserve length and do not amplify errors.

Theorem: Schur Decomposition
For every A € C"™*™ there exist a unitary @ and upper triangular U such that

A=QUuQt.

Theorem: Spectral Decomposition
For Hermitian A € C™*™ there exist a unitary ) and real diagonal D such that

A=QDQ"M.

The columns of ) are orthonormal eigenvectors; the diagonal of D holds the (real) eigenvalues.

Diagonalization.

Definition: Diagonalizable
A is diagonalizable iff there exists nonsingular X and diagonal D with X 1AX = D.

A matrix is diagonalizable iff it has m linearly independent eigenvectors. A matrix lacking m
linearly independent eigenvectors is called defective.

Geometric multiplicity of A € A(4) is dim(N (A — A)). Geometric multiplicity < algebraic
multiplicity, with equality iff the matrix is non-defective at that eigenvalue.

17
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9.4 Jordan Canonical Form

Definition: Jordan Block

(IS
—_
=]
=}

Jey=|[: . fech®

e @
e @
e =
=

Theorem: Jordan Canonical Form
For every A € C"™*™ there exists nonsingular X such that

X1AX = diag(Jimg (M), Jmy (A1), -+ Tmpy (Ak—1))-

9.5 Block-Triangular Deflation

Theorem: Block Deflation

If A= AT ATk with Arp, Agr square, then
0 Agr

A(A) = A(Arr) U A(ABR).

9.6 The Power Method and Variants

Algorithm: Power Method

Pick v(©) of unit length. For k =0,1,...:

o R . fgy(B). (kD) 7)(1c+1)/ H,U(k-',-l)H‘

T )

Converges linearly to the eigenvector xy associated with the dominant eigenvalue at rate
[Aul /Aol

Algorithm: Inverse Power Method

o) A—lv(k); o+ . v(k—i—l)/ Hv(k—l—l)H.

Converges to the eigenvector for the smallest (in magnitude) eigenvalue, at rate [Ap—1] / [Am—2|-

Definition: Rayleigh Quotient

For nonzero z € C™:

o Ax

cHg

() =

If = is an eigenvector, p(x) is the associated eigenvalue.

18
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Algorithm: Rayleigh Quotient Iteration
Pick v(©) of unit length. For k =0,1,...:

(k)HAU(k); oD . (A-— ka)—lv(k); oD . U(k+1)/ Hv(k—l-l)H .

Pk =10

Quadratic convergence in general; cubic for Hermitian A.

9.7 Convergence Rates

For sequence ay, — o

o Linear: |ag41 — a| < C'lay, — of with C < 1.

e Superlinear: C' — 0.

« Quadratic: |ag,; — a| < C'lag — af® (doubles digits per step).

« Cubic: |agy; — a| < Clag — af® (triples digits per step).

10 Practical Solution of the Hermitian Eigenvalue Problem

10.1 Subspace Iteration

Iterating the power method with multiple vectors and orthonormalizing yields convergence to a
basis for the dominant invariant subspace.

Algorithm: Subspace Iteration

V random m x n; (‘7(0), R) := QR(‘A/)
for k=0,1,---:

(VD R) := QR(AV™®)

AKHD) . PR H g7 (k1)

The j-th column converges linearly at rate |\;| /|\j—1| (under appropriate assumptions).

10.2 From the Power Method to the QR Algorithm

When subspace iteration is started with V=1 , it is equivalent to the QR algorithm:

Algorithm: Simple QR Algorithm

V.=1I, fork=0,1,...:
(Q,R) :=QR(A); A:=RQ; V:=VQ.
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Key identity. After k iterations,

AR Z QOIQW ... oM. gk .. R RO

upper triangular

unitary V (¥)

10.3 Shifted QR Algorithm
(k)

To accelerate convergence, shift A by an estimate of an eigenvalue. The diagonal entry a,,” ,,_;

is a good shift candidate.

Algorithm: Simple Shifted QR

For k=0,1,...:

pe=al 5 (QR):=QR(A—l); A:=RQ+ml; V:=VQ.

The last column inherits cubic convergence (Rayleigh quotient iteration).

10.4 Deflation

When subdiagonal entries are small enough, deflate by treating the matrix as block diagonal. Cri-
terion: . i i
|76, < emacn([abip| + - + oLy s ))-

10.5 Reduction to Tridiagonal Form

For a Hermitian matrix, first reduce to tridiagonal form via Householder similarity transformations
(a Hermitian rank-2 update at each step):

o H H
Ago 1= Az — us1wyy — W1y -

Cost: =~ §m3 flops. After tridiagonalization, each QR iteration costs O(m) flops (for eigenvalues
only) or O(m?) (with eigenvectors).

10.6 Givens Rotations

Definition: Givens Rotation

A 2 x 2 unitary matrix
G=<7 _0>, Y+ot=1
g 9

X
sut that 67 (1) = (1423, S0 5 = /el 0 =

X2

Givens rotations introduce a single zero at a time, useful for tridiagonal and bidiagonal QR steps.
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10.7 The Implicit Q Theorem and Francis Step

Theorem: Implicit Q Theorem

Let A, B € C™*™ with B upper Hessenberg with positive subdiagonal entries. If Q¥ AQ = B
for a unitary @, then ) and B are uniquely determined by A and the first column of Q).

Francis Implicit QR Step. Apply a sequence of Givens’ rotations chasing a “bulge” along the
subdiagonal of a tridiagonal (or Hessenberg) matrix, effectively performing one shifted QR step
without explicitly forming A — ul.

11 Computing the SVD

11.1 Linking SVD to Spectral Decomposition

Key Formula

If A=UXVH is the SVD of A € C™*", then

ATA=VvTevH —y(Te)VE,

i.e., the right singular vectors are eigenvectors of A¥ A, and the squared singular values are its
eigenvalues. Similarly AAH = U(XST)UH.

Naive algorithm (not recommended for ill-conditioned A): form B = A" A, compute its spectral
decomposition, take V = eigenvectors, ¥ = square roots of eigenvalues, Uy, = AV L.
11.2 Practical SVD Algorithm

1. Tall-and-skinny preprocessing: If A € C™*" with m > n, first compute A = QR and find
the SVD of R.

2. Reduction to bidiagonal form: Apply Householder transformations from the left and right
to obtain A = UsBV ! with B real bidiagonal.

3. Implicitly shifted bidiagonal QR: Repeatedly apply pairs of Givens’ rotations that chase a
bulge through B, maintaining bidiagonal form. The product B B is tridiagonal symmetric, and
the algorithm implicitly performs the implicitly shifted symmetric tridiagonal QR algorithm on
BHB.

4. Result: B — UpXpVZ. Combine to get A = (UaUp)Xp(VaVp)H.

11.3 Jacobi’s Method

Definition: Jacobi Rotation
For symmetric 2 x 2 matrix A there exists a rotation J with J? AJ = diag(\g, A\1).
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Jacobi’s method applies Jacobi rotations to systematically zero out off-diagonal entries of a sym-
metric matrix, converging to the diagonalization. Slower than QR-based methods in general, but
very parallel and high-accuracy.

12 Attaining High Performance

12.1 The Memory Hierarchy and BLAS

Modern CPUs have a multi-level memory hierarchy: registers, L.1, L2, L3 cache, main memory. The
cost of moving data dominates floating-point arithmetic when the algorithm’s arithmetic intensity
is low.

BLAS (Basic Linear Algebra Subprograms).

o Level 1: Vector-vector operations (dot product, AXPY) — O(n) flops, O(n) data: poor reuse.
« Level 2: Matrix-vector operations (GEMV, TRSV) — O(n?) flops, O(n?) data: poor reuse.
 Level 3: Matrix-matrix operations (GEMM, SYRK, TRSM) — O(n?) flops, O(n?) data: good

reuse.

High-performance dense linear algebra algorithms are cast in terms of matriz-matriz multiplication
via blocked algorithms.

12.2 Blocked Factorizations

Blocked LU partitions A into b x b blocks. Each iteration computes the LU factorization of a
tall panel, then updates trailing blocks via GEMM. The bulk of the work becomes Level-3 BLAS.

Blocked Cholesky / QR / Hessenberg reduction similarly cast updates as rank-b updates
or matrix-matrix products. This is how LAPACK and BLIS deliver near-peak performance.

12.3 Cost of Basic Operations (per the textbook appendix)

Operation Description Cost (flops)
Yy:=axr+y axpy 2n

k=aly dot product 2n

y = Ax matrix-vector multiply 2mn

A=A+ ay” rank-1 update 2mn

C:=AB matrix-matrix multiply 2mnk

LU factorization (n x n) 2p3

Cholesky (n x n) %n?’

QR (m x n) Householder 2mn? — 2n?
SVD (m x n) full ~ 4m>n + 8mn? + 9n3
Hermitian eigendecomp (m x m) ~ %m?’ +0(m?)
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12.4 Catastrophic Cancellation

Subtracting two nearly equal quantities loses leading significant digits, dramatically increasing
relative error. Numerically stable algorithms (e.g., Modified Gram-Schmidt, the careful Householder
vector formula v = z + sign(x1) ||z||, €0, the scaled 2-norm computation) are designed to avoid
catastrophic cancellation.

Key Takeaways

Key Formula

e The SVD is the most important factorization in linear algebra. It reveals rank,
condition number, fundamental subspaces, and the best low-rank approximation.

e Unitary similarity transformations are the “safe” algorithmic moves: they preserve
length and do not amplify errors.

o Condition number x(A) measures the problem; stability measures the algorithm. Bad
answers can come from either.

e Prefer QR or SVD over normal equations for ill-conditioned LLS: normal equa-
tions square the condition number.

o« LU with partial pivoting is the workhorse for general linear systems; Cholesky is
twice as fast for HPD systems.

o Iterative methods (Jacobi, GS, SOR, CG) are essential for large sparse systems where
direct methods are too expensive.

e The Conjugate Gradient method is the canonical Krylov subspace method for SPD sys-
tems, with optimal A-conjugate search directions and finite (exact-arithmetic) termination
in < n steps.

o Practical eigenvalue algorithms all rely on the implicitly shifted QR algorithm, achiev-
ing cubic convergence for Hermitian problems.

e High performance comes from casting computation in terms of Level-3 BLAS via blocked
algorithms.

End of notes.
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